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FINSLER PERTURBATION WITH NONDENSE GEODESICS
WITH IRRATIONAL DIRECTIONS
DMITRI BURAGO AND DONG CHEN
Abstract. We show that given any Liouville direction and flat Finsler torus, one
can make a C∞-small perturbation on an arbitrarily small disc to get a nondense
geodesic in the given direction.
1. Introduction
Let M be a closed smooth manifold and M˜ its universal cover. A geodesics γ in
M˜ is called minimal if it realizes the distance between any two points p, q ∈ γ. If
all geodesics in M˜ are minimal, then we say M has no conjugate points. In 1940s,
Hedlund and Morse [11] asked the following question: Are Riemannian tori without
conjugate points flat? Hopf [12] gave a positive answer in the 2-dimensional case and
conjectured that such rigidity also holds for all dimensions. After that many other
people studied this problem under various assumptions, see e.g. [8]. In 1994, almost
half a century after Hopf’s result, Burago and Ivanov [3] successfully proved Hopf’s
conjecture.
However, if we turn our attention to Finsler manifolds, we will find a different
world. A non-flat Finsler tori with conjugates points can be constructed by making
symplectic (contact) perturbation on the Euclidean torus [13] or as some metric of
revolution [17]. Moreover, any sufficiently small disc with a Finsler metric can be
locally isometrically embedded into some Finsler torus without conjugate points [7].
This means the local structure of such tori is totally flexible.
Nevertheless, it is still an open question if the geodesic flow on any Finsler torus
without conjugate points is smoothly conjugate to that on some flat Finsler torus.
This question is more or less equivalent to the smoothness of the Heber foliation [10],
and even in Riemannian case in is equivalent to E. Hopf’s conjecture. Thus it is an
analog of this conjecture in the Finsler case.
The Heber foliation exists for every Finsler torus without conjugate points. There
are two reasons why this foliation may not be smoothly equivalent. (1) There may
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be one individual torus where the dynamics is not smoothly conjugate to a linear
flow or (2) transversely, the tori behave in a non-smooth way. The possibility of
existence of either of the situation is known so far. In this paper we are trying to
approach some understanding of situation (1).
So far, we do not even know the answer to the following question:
Question: Is every geodesic with an irrational rotation vector dense in a Finsler
torus without conjugate points?
In this paper we deal with an approximative version of the above question. To be
more specific, we perturb a flat torus without conjugate points so that the result-
ing metric admits a non-dense geodesic with a rotation vector pointing in a given
Liouville direction.
Recall that a vector v ∈ Rn is called Diophantine if there exist γ, τ > 0 such that
for all k ∈ Zn\{0} we have
|v · k| ≥ γ||k||τ .
A rationally independent vector is called Liouville if it is not Diophantine. No-
tice that the geodesic flow on the cotangent bundle of a flat torus is a completely
integrable Hamiltonian system, therefore by the celebrated KAM theorem, any C∞-
small perturbation will nevertheless result in persistence of invariant tori on which
the dynamics is conjugate to linear flow with Diophantine rotation vectors. Every
trajectory on such a torus projects to a dense orbit on the base torus. Hence the
only possible nondense irrational geodesics would be those with Liouville rotation
vectors.
In this paper we prove that, for any given Liouville direction and any flat torus,
there are arbitrarily small perturbations of the metric in C∞ which have nondense
geodesic with the given direction:
Theorem 1.1. For any flat Finsler torus (T2, ϕ0), n ≥ 2 and any Liouville number
ω, one can make a C∞-small perturbation on ϕ in the class of Finsler metric so that
the resulting metric has a non-dense geodesic with rotation vector colinear to (ω, 1).
Notice that although we formulate and prove the theorem in the 2-dimensional
case, similar proof with minor modification works in higher dimensional Finsler tori
(replace (ω, 1) by any Liouville vector) as well. For notational convenience we only
consider the 2-dimensional case here.
This paper is organized as follows. In Section 2 we go over some background on
Finsler manifold and results from dual lens map techniques. In Section 3 we cover
background on twist maps and minimal configurations, while in Section 4 we give
an extension of Mather’s destruction of invariant tori with Lioville rotation number
[16]. The results from Section 2 and 4 will be combined to give a proof of Theorem
1.1 in Section 5.
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The plan of proof is sketched in the following way: firstly we show that the Poincare´
map of the unperturbed geodesic flow is conjugate to R1 : S
1×(−Λ, 1)→ S1×(−Λ, 1)
defined by
R1(q1, p1) = (q1 + f
′
0(p1), p1),
where f0 is a smooth function defined near 0. Secondly, in Lemma 5.1 and Lemma 5.2
we verify the twist conditions (see Definition 3.1) for R1 and conditions (H1)− (H6θ)
for h, a generating function of R1. This allows us to use Proposition 4.1 to get a
C∞ perturbation R˜1 of R1 and a nondense R˜1-orbit with the given Liouville rotation
number. Finally, Proposition 2.8 will be applied to obtain a Finsler metric whose
Poincare´ map is conjugate to R˜1.
Acknowledgements. The authors are grateful to Victor Bangert and Federico Ro-
driguez Hertz for useful discussions.
2. Simple Finsler metrics and dual lens maps
We use some notation and techniques from [4], [5], [6] and [7]. To make this note
more self-contained and reader-friendly, we copy them here.
2.1. Finsler metrics and geodesics. A Finsler metric ϕ on M is a smooth family
of quadratically convex norms ϕ(x, ·) on each tangent space TxM . It is reversible if
ϕ(x, v) = ϕ(x,−v) for all x ∈ M, v ∈ TxM . A unit sphere (or indicatrix ) in TxM is
defined to be the collection of all vectors v ∈ TxM with ϕ(x, v) = 1. We denote by
UTM the unit tangent bundle of (M,ϕ).
If γ : [a, b]→M is a smooth curve on a Finsler manifold (M,ϕ), then one defines
the length of γ by
L(γ) :=
∫ b
a
ϕ(γ(t), γ′(t))dt.
With this definition of length we define a non-symmetric metric (i.e. a positive
definite function on M ×M satisfying the triangle inequality) on M by letting the
distance dϕ(x, y) from x to y be the infimum of the lengths of all piecewise smooth
curves starting from x and ending at y. It can be non-symmetric since dϕ(x, y) may
not be equal to dϕ(y, x). If ϕ is reversible, then dϕ is symmetric.
One says that γ is unit-speed if ϕ(γ(s), γ′(s)) = 1, for all s ∈ [a, b]. A unit-speed
curve γ : [a, b] → M is called minimal if for any a ≤ t1 < t2 ≤ b, dϕ(γ(t1), γ(t2)) =
t2 − t1. A locally minimal curve is called a geodesic.
We define the dual norm ϕ∗ on the cotangent bundle T ∗M of M by
ϕ∗(α) := sup
v∈UTxM
{α(v)}, where α ∈ T ∗xM,
and denote by UT ∗M the unit cotangent bundle.
4 DMITRI BURAGO AND DONG CHEN
Let L : TM → T ∗M be the Legendre transform of the Lagrangian ϕ2/2. It maps
UTM to UT ∗M . For a tangent vector v ∈ UTxM , its Legendre transform L (v) is
the unique covector α ∈ U∗xM such that α(v) = 1.
Definition 2.1. Let M be an n-dimensional manifold with boundary ∂M and ϕ a
Finsler metric on M . ϕ is called simple if it satisfies the following three conditions:
(1) Every pair of points in M is connected by a unique geodesic.
(2) Geodesics depend smoothly on their endpoints.
(3) ∂M is strictly convex, that is, geodesics never touch it at their interior points.
2.2. Dual lens maps. Let (D,ϕ) be a simple Finsler n-disc. Denote by Uin the set of
unit tangent vectors with base points at the boundary S := ∂D and pointing inwards.
And Uout denotes the unit tangent vectors at the boundary, pointing outwards. For
a vector v ∈ Uin, we can look at the geodesic with initial velocity v. Once it hits
the boundary again, we get its velocity vector β(v) ∈ Uout. This defines a map
β : Uin → Uout, which is called the lens map of ϕ. If ϕ is reversible, then the lens
map is reversible in the following sense: −β(−β(v)) = v for every v ∈ Uin.
Consider subsets U∗in = L (Uin) and U
∗
out = L (Uout) of UT
∗D. The dual lens map
of ϕ is the map σ : U∗in → U∗out given by σ := L ◦ β ◦L −1 where β is the lens map
of ϕ. If ϕ is reversible then σ is symmetric in the sense that −σ(−σ(α)) = α for all
α ∈ U∗in.
Note that U∗in and U
∗
out are (2n − 2)-dimensional submanifolds of T ∗D. The re-
striction of the canonical symplectic 2-form of T ∗D to U∗in and U
∗
out determines the
symplectic structure. One can check that the dual lens map σ is symplectic.
2.3. Perturbation of Dual Lens Maps. In [5], the following theorem is proven,
which says that under certain natural restrictions, a symplectic perturbation of σ is
the dual lens map of some metric that is close to ϕ:
Theorem 2.2 (Burago-Ivanov [5]). Assume that n ≥ 3. Let ϕ be a simple metric on
D = Dn and σ its dual lens map. Let W be the complement of a compact set in U∗in.
Then every sufficiently small symplectic perturbation σ˜ of σ such that σ˜|W = σ|W
can be realized by the dual lens map of a simple metric ϕ˜ which coincides with ϕ
in some neighborhood of ∂D. The choice of ϕ˜ can be made in such a way that ϕ˜
converges to ϕ whenever σ˜ converges to σ (in C∞). In addition, if ϕ is a reversible
Finsler metric and σ˜ is symmetric then ϕ˜ can be chosen reversible as well.
When n = 2, due to some topological obstructions, Theorem 2.2 holds under
additional conditions.
Definition 2.3. For any symplectic map σ : U∗in → U∗out we can define two maps
Pσ : U
∗
in → S × S and Qσ : U∗out → S × S by
Pσ(α) = (π(α), π(σ(α)))
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and
Qσ(β) = (π(σ
−1(β)), π(β)),
here π : T ∗D → D is the bundle projection.
Remark 2.4. Note that Pσ = Qσ ◦ σ and both maps are bijections. The map
P−1σ (Q
−1
σ respectively) takes two different points on the boundary S and reports the
inwards (outwards respectively) covector of the geodesic connecting these two points.
Definition 2.5. Let ∆ := {(x, x) ∈ S × S : x ∈ S}. We define a 1-form λσ on
S × S\∆ as follows. For p, q ∈ S, p 6= q, ξ ∈ TpS, η ∈ TqS, define
λσ(ξ, η) := −P−1σ (p, q)(ξ) +Q−1σ (p, q)(η).
Proposition 2.6 ([5]). Let σ be the dual lens map of a simple Finsler metric ϕ
on D2. Let W be the complement of a compact set in U∗in and σ˜ is a symplecitc
perturbation of σ with σ˜|W = σ|W . Then σ˜ is the dual lens map of a simple metric
ϕ˜ if and only if ∫
{p}×{S\p}
λσ˜ = 0
for some (and then all) p ∈ S. Convergence and reversible cases are the same as
those in Theorem 2.2.
For each p ∈ S, let (U∗in)p be the fiber of U∗in over p. By combing Theorem 2.2
with Proposition 2.6 we have the following corollary:
Corollary 2.7. Let σ be the dual lens map of a simple Finsler metric on Dn (n ≥ 2).
Let W be the complement of a compact set in U∗in and σ˜ a symplecitc perturbation
of σ with σ˜|W = σ|W . If there is an open subset O ⊆ ∂Dn such that for each p ∈ O,
(U∗in)p ⊆ W, (∗)
then σ˜ is the dual lens map of a simple metric ϕ˜. Convergence and reversible cases
are the same as those in Theorem 2.2.
Proof. We have only to prove that for any p ∈ O and ξ ∈ (U∗in)p,
λσ(ξ, ·) = λσ˜(ξ, ·).
Notice that on (U∗in)p we have σ = σ˜ hence Pσ = Pσ˜. Thus P
−1
σ (p, ·) = P−1σ˜ (p, ·).
SImilarly we have Q−1σ (p, ·) = Q−1σ˜ (p, ·), hence λσ(ξ, ·) = λσ˜(ξ, ·) for all ξ ∈ (U∗in)p.

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2.4. Perturbation of flat metrics on Tn(n ≥ 2). Let (Tn, ϕ0) be a torus with a
flat Finsler metric ϕ0. The cotangent bundle T
∗Tn is endowed with the canonical
action-angle coordinates (q1, ..., qn, p1, ..., pn) of the geodesic flow. We think of T
n as
the cube [−1/2, 1/2]n with opposite sides identified. We are aiming at realizing any
small symplectic perturbation of the Poincare´ map supported on a small compact
set as a result of a perturbation of the metric on Tn.
Denote by
Ψ(p1, ..., pn) :=
ϕ∗0(p1, ..., pn)
2
2
,Ψi := ∂Ψ/∂pi, for i = 1, ..., n,
where ϕ∗0 is the dual norm of ϕ0. The geodesic flow on T
∗Tn satisfies
q˙i = Ψi, p˙i = 0, ∀i = 1, ..., n
Let q = (q1, ..., qn−1),p = (p1, ..., pn−1). Take a submanifold T0 := {qn = −1/2} and
a section
Γ0 := {(q, qn,p, pn) ∈ UT ∗Tn : qn = −1/2,Ψn > 0}.
Γ0 inherits a natural symplectic form from T
∗Tn. We set R0 : Γ0 → Γ0 to be the
Poincare´ return map to Γ0 of the geodesic flow. On Γ0, by implicit function theorem,
pn is a smooth function of p with domain Up ⊆ Rn−1. More specifically, we have
pn = −f0(p),p ∈ Up
and
(f0)i(p) =
Ψi
Ψn
(p, f0(p)), ∀i = 1, ..., n
Let Π : Γ0 → T0 × Up be the canonical projection defined by
Π(q,−1/2,p, pn) = (q,p).
It is clear that Π is a symplectic bijection. Define
R1 := Π ◦R0 ◦ Π−1 : T0 × Up → T0 × Up.
It is clear that R1 is symplectic. By equipping T0 with an affine structure induced
from Rn−1, we get the following expression of R1:
R1(q,p) = (q+∇f0(p),p) .
Denote by q2 =
∑n−1
i=1 q
2
i , B(r) := {q : q2 ≤ r2} and Πq the canonical projection
(q,p) 7→ q. We have the following analogue of Theorem 2.2 for Tn:
Proposition 2.8. Let (Tn, ϕ0) be a flat torus and K ⊆ T0 × Up a compact set. If
there exists R > 0 such that Πq(K) ⊆ B(R) and Πq(R1(K)) ⊆ B(R−1), then any
C∞-small symplectic perturbation R˜1 of R1 with R˜1|Kc = R1|Kc is conjugated via
Π to the Poincare´ return map to Γ0 of the geodesic flow on some Finsler manifold
(Tn, ϕ˜). Convergence and reversible cases are the same as those in Theorem 2.2.
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Proof. Let D1/2 := {
∑n
i=1 q
2
i ≤ 1/4} be the ball in the cube and σ : U∗in → U∗out the
dual lens map of the Finsler disc (D1/2, ϕ0). We only change the metric inside D1/2.
For any α1 ∈ Π−1(K) (resp. α2 ∈ Π−1(R1(K))), consider its forward orbit (resp.
backward orbit) under the geodesic flow generated by ϕ0. Since Πq(K) ⊆ B(R) and
Πq(R1(K)) ⊆ B(R−1), the forward orbit (resp. backward orbit) will intersect U∗in
(resp. U∗out) transversally and we denote the intersection by φ1(α1) (resp. φ2(α2)).
This defines a map φ1 : Π
−1(K) → U∗in (resp. φ2 : Π−1(R1(K)) → U∗out). It is clear
that both φ1 and φ2 are symplectic bijections onto their images.
The restriction of R0 on Π
−1(K) can be decomposed as
R0|Π−1(K) = φ−12 ◦ σ ◦ φ1.
Define a dual lens map σ˜ : U∗in → U∗out by
σ˜(α) :=
{
φ2 ◦ R˜0 ◦ φ−11 (α), if α ∈ φ1(Π−1(K));
σ(α), otherwise.
By definition, σ˜ coincides with σ outside a compact set. Moreover σ˜ → σ in C∞ as
R˜0 → R0 in C∞. It is also clear thatW = Kc satisfies (∗) for some open set O ⊆ U∗in.
By Corollary 2.7 there exists a Finsler metric ϕ˜ in D1/2 agreeing with ϕ0 around the
boudnary ∂D1/2 and the dual lens map for (D1/2, ϕ˜) is exactly σ˜. We extend ϕ˜ to
the whole Tn by setting it equal to ϕ0 outside D1/2. Then it is clear that the first
return map is exactly R˜0.
If ϕ0 is reversible, we define σ˜ by:
σ˜(α) =


φ2 ◦ R˜0 ◦ φ−11 (α), if α ∈ φ1(Π−1(K));
− φ1 ◦ R˜−1 ◦ φ−12 (−α), if α ∈ −φ2(Π−1(R1(K)));
σ(α), otherwise.
It is clear that σ˜ is symmetric. By Theorem 2.2, ϕ˜ can be chosen to be reversible. 
Remark 2.9. The support of metric perturbation can be made small if we have the
size of K is small.
3. Twist maps, minimal configurations and rotation symbols
3.1. Twist maps and generating functions.
Definition 3.1 ([14]). f : S1 × (a, b) → S1 × (a, b) is an area-preserving twist map
if:
(i) f is area and orientation preserving.
(ii) f preserves boundary components in the sense that there exists an ǫ > 0 such
that if (x, y) ∈ S1 × (a, a+ ǫ) then f(x, y) ∈ S1 × (a, a+b
2
).
(iii) if F = (F1, F2) is a lift of f to the universal cover of R×(a, b) then ∂F1/∂y > 0.
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Here (a, b) can be an open interval or the whole real line.
If in addition to (i)-(iii) we have
(iv) f twists infinitely at either end. Namely, for all x ∈ S1 we have
lim
y→a+
F1(x, y) = −∞, lim
y→b−
F1(x, y) = +∞,
then we say f is an area-preserving twist map with infinite twist. The collection of
all area-preserving twist maps with infinite twist from S1× (a, b) to itself is denoted
IFT (a, b).
Let F : R × (a, b) → R × (a, b) be a lift of f ∈ IFT (a, b) to the universal cover.
the generating function h(x, x′) is uniquely characterized by
F (x, y) = (x′, y′)⇐⇒ y = −∂h
∂x
(x, x′), y′ =
∂h
∂x′
(x, x′).
Notice that if h is C2, the twist condition (iii) is equivalent to hxx′ < 0.
Example 3.2. The map f0 : S
1 × R→ S1 × R defined by f(x, y) = (x+ y, y) is an
area-preserving twist map with infinite twist. The generating function is given by
h0(x, x
′) =
(x′ − x)2
2
.
Example 3.3. Define f1 : S
1 × (−1, 1)→ S1 × (−1, 1) by f(x, y) = (x+ y√
1−y2
, y).
Then f1 ∈ IFT (−1, 1) and the generating function is given by
h1(x, x
′) =
√
(x′ − x)2 + 1.
Given a f ∈ IFT (a, b), if the amount of twisting in (3) has a uniform lower bound
β, then its generating function h will satisfy all the following conditions (H1)− (H6θ)
with θ = cotβ [15]:
(H1) h(x, x
′) = h(x+ 1, x′ + 1)
(H2) lim
|ξ|→∞
h(x, x+ ξ) = +∞, uniformly in x
There exists a positive continuous function ρ on R2 such that for x < ξ, x′ < ξ′:
(H5) h(ξ, x
′) + h(x, ξ′)− h(x, x′)− h(ξ, ξ′) ≥
∫ ξ
x
∫ ξ′
x′
ρ
(H6θ)
{
x→ θx2/2− h(x, x′) is convex for any x′
x′ → θx′2/2− h(x, x′) is convex for any x
Here θ is a positive number. We say h satisfies (H6) if it satisfies (H6θ) for some
θ > 0. The conditions (H3) and (H4) from [2] can be derived from (H5) and (H6). If
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h is C2, then (H5) is equivalent to the twist condition hxx′ < 0 and (H6θ) is equivalent
to hxx, hx′x′ ≤ θ. In the twist condition (iii), if ∂F1/∂y has a lower bound β, then
the generating funcition h satisfies (H6θ) with θ = cot β. We use Hθ to denote the
collection of all continuous functions h : R2 → R satisfying (H1)− (H6θ).
3.2. Minimal configuration and Rotation symbols. We refer to [2][9][15][16]
for the definitions and results we need in the sequel.
A configuration is a bi-infinite sequence x = (..., xi, ...) ∈ RZ (with product topol-
ogy of RZ). The Aubry graph of x is the graph of the piecewise linear function
Φ : R→ R determined by Φ(i) = xi at every i ∈ Z.
Suppose h is a function on R2 satisfying (H1)− (H6). Define
h(xj , ..., xk) :=
k∑
i=j
h(xi, xi+1).
A segment (xj , ..., xk) is said to beminimal (for h) if it is a minimizer for h(x
∗
j , ..., x
∗
k)
with x∗j = xj and x
∗
k = xk, A configuration is minimal if all its segments are minimal.
We use M = Mh to denote the set of all minimal configurations. The Aubry graphs
of minimal configurations cross at most once. In the survey [2] Bangert shows how
minimal geodesics on torus are related to minimal configurations.
A configuration x′ is a translate of x if there exist integers j, k such that x′i =
xi+j + k for all i. We use the notation T(a,b) to denote the translation T(a,b)x = x
′
where x′i = xi−a + b.
A translate of a minimal configuration is always minimal. A basic result of Aubry
says that the set of translates of a minimal configuration is totally ordered with
x < y being defined to be xi < yi for all integers i. Aubry’s result implies that for
any minimal configuration x, there is a number ω = ρ(x), called the rotation number
of x, such that if x′i = xi+j + k with j > 0, then x
′ > x (resp. x′ < x) if jω + k > 0
(resp. jω + k < 0).
When ρ(x) is irrational, it is also called rotation symbols ρ˜(x) of x. When ρ(x) =
p/q ∈ Q, q > 0, we investigate x′i = xi+q − p i.e. x′ = T(−q,−p)x. Notice that x may
not be periodic even if ρ(x) is rational. We define
ρ˜(x) =


(p/q)+ if x′ > x
p/q if x′ = x
(p/q)− if x′ < x
Namely, ρ˜(x) = (p/q)+ (resp. (p/q)−) if the Aubry graph of x′ is strictly above
(resp. below) that of x (see also [16]). Since minimal configurations cross at most
once, the Aubry graphs of x and x′ do not cross if ρ˜(x) = ρ˜(x′) = p/q.
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4. An extension of Mather’s Destruction of invariant circle
In [16] Mather proved that for any Liouville number ω and a twist map in IFT (−∞,
+∞) there exists a C∞ small perturbation with no invariant circle admitting rotation
number ω. But the perturbation of Mather is not compactly supported. Neverthe-
less, we get the following proposition by imitating Mather’s construction. It remains
valid in higher dimensional cases under minor modification.
Proposition 4.1. For any f ∈ IFT (a, b) and any Liouville number ω, we can find
a C∞ small perturbation f˜ ∈ IFT (a, b) and a compact K ⊆ S1 × (a, b) such that
f˜ − f has support K and there is no f˜ -invariant circle with rotation number ω.
Proof. We will mainly manifest what modification we make on Mather’s construction.
We are going to prove that for any r ≥ 1, make a Cr+1 small perturbation h˜ on
the generating function h so that the Peierls’ barrier Pω,h˜ (cf. [16]) is not vanishing
everywhere, which is sufficient to show the absence of f˜ -invariant circle with rotation
number ω. Notice that h satisfies (H1) − (H5). Since we only make perturbation
near the invariant circle of h with rotation number ω, we may assume h ∈ Hθ for
some θ.
The general idea is to firstly choose a rational number p/q close to ω (we may
assume p/q < ω), and make a Cr+1-small perturbation h′ on the generating function
h so that the Peierls’ barrier Pp/q,h′ is positive in some interval J to eliminate the
minimal configurations through this interval with rotational symbol p/q. Secondly
we make an additional Cr+1-small perturbation h˜ on h′ so that Pp/q+,h′ (or Pp/q−,h′
if p/q > ω) is positive in an interval I ⊆ J . By the modulus of continuity formula
(Theorem 2.2 in [16]), as p/q is sufficiently close to ω (we can choose such p/q since
ω is Liouville), Pω,h˜ is positive at some point in I and it finishes the proof.
We now explain how to construct the perturbation of h when ω > p/q. Suppose
x is a minimal configuration in Mp/q. Choose an interval J with length≥ q−1 in
the complement to the set {xi + j}i,j∈Z. Without loss of generality we may assume
J = (xj , xk + m) for some j, k,m ∈ Z. For any ǫ > 0 and any integer r ≥ 1, we
choose a C∞ nonnegative function u on R with the following properties:
(a) u has support J¯ .
(b) ||u||Cr+1 ≤ ǫ/2.
(c) u(ξ) ≥ C1(r)ǫ/qr+1, for ξ ∈ J ′, here J ′ is the middle third of J and C1(r) is a
constant depending only on r.
Here is how to construct such a function: Define a function Ψ : R→ R by
Ψ(t) =

 exp
(
1
t2 − 1
)
, for |t| < 1
0, otherwise
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Denote C0(r) := ||Ψ||Cr+1. Define a function u0 by
u0(t) =
ǫ
2r+2qr+1C0(r)
Ψ(2qt).
and let
C1(r) = Ψ(1/3)2
−r−2C0(r)
−1.
It is not hard to check that u0 satisfies (a)-(c) for J = (−1/2q, 1/2q). For a general
J , we have only to move and rescale u0.
Define a function v on R by
v(t) =


C2(r)q
−r−1Ψ(2q(t− xj+1)), for t ∈ [xj+1 − 1/2q, xj+1);
C2(r)q
−r−1Ψ(0), for t ∈ [xj+1, xk+1 +m);
C2(r)q
−r−1Ψ(2q(t− xk+1 −m)), for t ∈ [xk+1 +m, xk+1 +m+ 1/2q);
0, otherwise,
where C2(r) = 2
−r−1C0(r)
−1. Note that v is nonnegative, C∞, supported by an
interval with length ≤ 3/q and ||v||Cr+1 = 1.
Now we make a first perturbation on h:
h′(x, x′) = h(x, x′) +
∑
i∈Z
u(x+ i)v(x′ + i).
We construct w as in [16], and set
h˜(x, x′) = h′(x, x′) +
∑
i∈Z
w(x+ i)v(x′ + i)
By a minor modification of the rest of the proof in [16], we get a proof of Proposition
4.1.

5. Proof of Theorem 1.1
We use the setting in Section 2.4 and assume that for any q2, the line t 7→ (t, q2) is a
unit-speed (namely, ϕ0(∂/∂q1) = 1) geodesic in (T
2, ϕ). Denote by Λ := ϕ0(−∂/∂q1).
Λ may not be equal to 1 unless ϕ is reversible. We have Up = (−Λ, 1) and R1 :
S1 × (−Λ, 1)→ S1 × (−Λ, 1) is given by
R1(q1, p1) = (q1 + f
′
0(p1), p1).
Lemma 5.1. R1 ∈ IFT (−Λ, 1). Moreover, f ′′0 has a positive lower bound.
Proof. We verify the (i)-(iv) in the Definition 3.1. (i) and (ii) are clear. Since
Ψ(p1,−f0(p1)) ≡ 1, by taking derivative with respect to p1, we have
Ψ1 − f ′0Ψ2 = 0.
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Notice that on the unit circle of ϕ∗0, (Ψ1,Ψ2)(p1, p2) = L
−1(p1, p2) ∈ S, where S
is the unit circle of ϕ0, thus Ψ1,Ψ2 are both bounded. Notice that p1 ∈ (−Λ, 1). As
p1 approaches to either ends, Ψ2 goes to 0 from above. When p1 → −Λ, Ψ1 → −1/Λ
thus f ′0 → −∞. On the other side, as p1 → 1, we have Ψ1 → 1 and f ′0 → +∞.
Hence R1 satisfies (iv).
By taking second derivative with respect to p1, we have
Ψ11 − f ′′0Ψ2 + (f ′0)2Ψ22 = 0.
Since ϕ0 is Finsler metric, Ψ11,Ψ22 ≥ δ1 > 0. On Γ0 we have 0 < Ψ2 ≤ δ2, hence
f ′′0 ≥ δ1/δ2 > 0, which implies (iii). 
Define a function h : R2 → R by
h(q, q′) = dϕ0((q, 0), (q
′, 1)).
Lemma 5.2. h is a generating function of R1, therefore h ∈ Hθ for some θ.
Proof. Notice that h only depends on q′ − q, hence −hq = hq′. Let γ : [a, b] →
R2 be the geodesic from (q, 0) to (q′, 1). By the first variation formula, hq′ =
L (γ′(b))(∂/∂q1), which is the p1 coordinate of L (γ
′(b)) ∈ UT ∗(q′,1)R2. 
Proof of Theorem 1.1. For any Liouville number ω and any ǫ > 0, r ≥ 1, choose p/q
sufficiently close to ω as in the proof of Proposition 4.1. We take J = (−1/2q, 1/2q)
and construct h˜ : R2 → R with ||h˜−h||Cr+1 ≤ ǫ and the twist map R˜1 ∈ IFT (−Λ, 1)
associated to h˜ has no invariant circle with rotational number ω. From Aubry-
Mather theory the absence of R˜1-invariant circle implies the existence of a minimal
R˜1-invariant Cantor set whose projection to S is also Cantor.
Let K be the support of R˜1 − R1. From the construction in the proof of 4.1 we
know that Πq(K) = B(1/2q) and Πq(R1(K)) ⊆ B(ω + 3q ) ⊆ B(2q) for large q. By
Proposition 2.8 there exists a reversible Finsler metric ϕ˜ on T2 such that the Poincare´
map of the geodesic flow is Π−1 ◦ R˜1 ◦Π. The R˜1-invariant Cantor set with rotation
number ω implies the existence of a nondense geodesic with rotation vector (ω, 1).
This proves Theorem 1.1.

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